This paper considers the application of various models of consumer demand to United Kingdom time series from 1900 to 1970. As well as testing the various forms of the "Rotterdam" model, reparametrization of that system is carried out in order to test the linear expenditure system and the direct addilog system on an exactly comparable basis. A further variant of the Rotterdam model is also introduced; this is intermediate between symmetry and additivity and allows for the calculation of all cross price elasticities from information on own price and income elasticities alone. The results of testing these models on a nine commodity model using maximum likelihood estimation are presented and discussed. Unlike most previous work, and in spite of some anomalous results, the United Kingdom experience seems broadly consistent with neoclassical demand theory. However, all restrictions more stringent than those directly implied by the theory are rejected, though it is maintained that these may still be of considerable practical significance in particular instances.
INTRODUCTION
THIS PAPER PRESENTS an analysis, within the context of twentieth century British experience, of the way in which income and prices influence demand. To some extent we shall be concerned with repeating for the United Kingdom the experiments on the validity of demand theory carried out by Barten [2, 3, and 4] on Dutch data and with investigating whether his negative conclusions recur here. But whereas his work and this extension of it are concerned with the appropriateness of behavioral restrictions within a given model (the Rotterdam demand system), we shall be concerned with somewhat wider issues. We wish to be able to make judgements not only between different variants of the same model but also between different models and between models of different structure. For example, the question arises as to the relative appropriateness of additivity as imposed within the Rotterdam model on the one hand, and the linear expenditure system on the other; or whether it is better, given the necessity to impose strong restrictions in a practical context, to ignore the substitution effects of prices altogether or to impose additivity or some other constraint. These issues are likely to have real practical importance in situations for which degrees of freedom are scarce and strong a priori assumptions are necessary in order to allow price sensitivity at all. We thus wish to work with a general framework in which the full implications of different systems can easily be seen and which may be used to estimate the competing systems in a manner which will ensure the full comparability of the results. would be rejected even as a specialization of the former. Nevertheless, additivity was always preferable to the model without any form of price substitution. Finally, the results have some bearing on the question of how the marginal utility of money varies with the level of income and we shall have some evidence for slight modification of the numerical values for the income flexibility of money suggested by Frisch [10] .
THE DEVELOPMENT OF THE MODELS
The Rotterdam system which we take as our starting point takes the form2 (see, e.g. are of order n, the number of commodities; the time suffix implied by the equations will usually be omitted. Note that there is no strong a priori reason why b and C should be held constant. Nevertheless, some decision must be taken, and though it would be desirable only to parametrize those quantities which could conceivably be the parameters of some underlying utility function, this is not in general possible. Indeed, short of specifying a particular utility function, which is exactly what this approach manages to avoid, there is no way of recognizing these parameters from the demand functions alone. However, as indicated in the previous section, it is the great strength of this choice of parameters that the constraints of demand theory can be directly applied to these constants.
In particular we have (again, see Given this, it might seem at first glance that the testing of equations (4.1H4.5) is all that must be done to confirm or reject the postulates of utility theory. But as Goldberger [11] has shown, if (1) is used over a longer than infinitesimal time span, it loses its generality with the breakdown of the linearization and may only adequately represent systems where the quantities parametrized by (3) are truly constant over time. And as he has demonstrated elsewhere (Goldberger [12] ), the only utility mapping consistent with (1) is a degenerate case of the additive function underlying the linear expenditure system (see (6) below) implying that all price elasticities are zero. In other words, over a sufficiently small time period, demand system (1) may be integrated into any utility function, but when taken as valid over periods long enough to be of interest from an econometric point of view, it is integrable only in a trivial and uninteresting sense.
It would be a mistake to reject the Rotterdam system on these grounds alone in the same way that it is a mistake to claim that it is useless because infinitesimal changes cannot be observed in practice. A deductive system is only of practical significance to the extent that it can be applied to concrete phenomena and it is too easy to protect demand theory from empirical examination by rendering its variables unobservable and hence its postulates unfalsifiable. Furthermore, and from a more pragmatic viewpoint, the model remains an excellent vehicle for a purely empirical analysis of the way in which price behavior may be constrained and one would expect the conclusions to be relatively robust with respect to alternative parametrizations. Nevertheless the qualifications are important in that they make it necessary to compare the Rotterdam with alternative models, for we may no longer be sure that our conclusions are derived from the data alone and not from our choice of parameters. It is thus in this spirit that we go on to change the parameters of (1) to render it comparable with other models of demand analysis while preserving this as our basic model for the comparisons. We turn first to the linear expenditure system.
The model is usually written in the form If we take first differences of equation (5), we have p dq = (c-q) dp + b(d -c' dp). Defining v = ,-1'p, i.e., the "committed" budget shares, and using the transform dx = i d log x, we have, after division by ,u, The quantity 0 is the inverse of the elasticity of the marginal utility of money and is the reciprocal of Frisch's "money flexibility" [10] . This result is well known (see, for example, [11] ) and may easily be proved directly from the constrained maximization of the utility function (6). Note the additive structure of (7); indeed substitution of (4.5), the additivity postulate, into (1) gives a system identical to (7) but for the specification of q. Thus the additive Rotterdam model can be minimally altered to give rise to the linear expenditure system. On empirical grounds, it becomes clear that the difference between them will be resolved by finding out how indeed 0 does vary. The linear expenditure system in the form (7) can be estimated with respect to the parameters b and c. The extent to which the likelihood increases over the additive Rotterdam model will measure how much the extra flexibility of 4 is required by the data.
Our third model is Houthakker's direct addilog system [13]. This may be derived from the utility function Thus, dividing the ith equation by the jth and taking logarithms, we have (10) (fpi -1) log q, -(fj -1) log qj = logpi -logpj -log i .
These equations plus the budget constraint define the system; though the idea of demand functions defined only in terms of relationships between pairs of commodities may be hardly appealing, it is perfectly acceptable. To the extent that the system has been used for empirical work, equation (10) has been used and presumably the technique developed by Parks [15] for the indirect addilog system could be applied here. Nevertheless the form remains clumsy and it is not easy to see how the system relates to the other models.
In But no matter how additivity is specified, it remains a very strong assumption, and it is worth considering its effects in relation to empirical work with time series data. It is a characteristic of most information of this type, and it is certainly true of the data used in this study, that there is considerable collinearity between quantities purchased, the prices, and total money expenditure. In consequence, most, though not all, of the information contained in the series relates to relative rates of growth of the various categories. Furthermore, the information contained in the price series which is independent of income is of the second order of importance even over long time periods. Thus, the marginal budget shares, which determine the relationship between demand and income, are always very well and precisely determined by the relatively abundant income information in the data. Parameters determining price effects are less well determined and play a subsidiary role. So, when additivity is introduced, all price information is absorbed into the single quantity 4, and the whole structure of the price substitution matrix is determined solely by the way in which expenditures relate to income. This is just as true of the own price substitution effects as it is of the cross terms; and it is perhaps this that would seem to be less acceptable than any of the other consequences of additivity.
In the light of these arguments we now suggest an intermediate system which, while preserving many of the assumptions of additivity introduces considerably more flexibility. Working again within the Rotterdam framework, we see from (4.5) that one of the consequences of additivity is that the ratio Cik/Cjk is independent of k if k # ij. This property extends to the compensated price elasticities, i.e., the ratio of the cross compensated price elasticities of any two goods is independent of the price being varied. Now this in itself, while a consequence of additivity, is a weaker condition, and the intermediate system will have this property alone in common with additivity. Thus while the additive structure of the substitution matrix is preserved, it will no longer be linked to the income terms.
Consider the model defined by Clearly C is negative semi-definite if x is negative, thus establishing the necessity of (15). Note finally that additivity is a special case of (15) 
ESTIMATION METHODS AND DATA

Estimation
We may write the models of the previous section (28), defines an MLE which can be directly evaluated; furthermore, it may be shown (see Deaton [8] ) that these three estimators are also best linear unbiased. However, when Q is defined only by (23), , is involved on both the right and left hand sides of (30), and we must thus use iterative methods to derive the estimator. One possibility is to linearize an expression for Q; alternatively, starting from some estimate of Q, a sequential process of re-evaluation of , according to (30) and (23) in turn may be followed. This latter, though unlikely to be powerfully convergent, is convenient and will be adopted here. The basic information relates to some forty commodities, thirty-six after the exclusion of durable goods. This is considerably too many for the type of experimental work being done here; iterative estimation is expensive enough without dealing with over one hundred parameters. In consequence the commodities were aggregated into nine groups; these with their components were as follows: This aggregation means that, even in the worst case and symmetry apart, it is not necessary to estimate by non-linear means more than twenty-eight parameters. And even though some of the interesting detail is lost by this aggregation, some of the hypotheses, e.g., additivity, are often claimed to be more appropriate for broad classifications of this kind.
Each series was deflated by mid-year population. The infinitesimals of the foregoing analysis were replaced by forward differences and, following previous work, the value shares were approximated by the average of the observed value shares in successive periods.
ANALYSIS AND RESULTS
The parameter estimates are presented in Tables I to V. Each model was estimated twice, once with and once without intercepts. These constants, though not strictly allowable within the theory, are included to try to remove the bias which is liable to result from the possible omission of important variables. It is undoubtedly true that factors other than prices and income affect demand and while, within the Rotterdam framework, one might reasonably expect their combined effects about their means to be adequately represented by the stochastic structure, it would not be reasonable to expect the means themselves to be zero. Thus the intercepts should be interpreted as indicating those commodity groups where variables not discussed here were important over the period. As we shall see, they are significant for all goods; thus, for reasons of space, only the intercept cases are tabulated for models 1 to 3. Tables I to III For the nested models, i.e., 1, 2, 3, 4, 5, and 8 , the difference between any two of the numbers in the table is asymptotically distributed as x2 with q degrees of freedom where q is the number of restrictions imposed, i.e., the difference between the numbers in brackets. For models 6 and 7, which are not nested either within one of themselves or within the most general model 1, no such test is possible. Nevertheless, it could well 'be argued that the likelihood values are the best criteria of discrimination that we have in the present state of knowledge. Even so we cannot say whether the difference between the values for the linear expenditure system and the direct addilog system is in any sense significant. However, difficulties are not confined to the non-nested models. The use of a testing distribution which is only asymptotically correct involves considerable danger, especially in small sample work, of rejecting valid hypotheses. Since the true distribution will always have fatter tails than its limiting counterpart, a test based on the latter which leads to acceptance could never be reversed by appeal to the true distribution but this does not hold for rejections. Indeed, for small numbers of observations, the horizontal distance between the two distributions may be quite large at the confidence levels which are of interest. In the cases where the restrictions on the parameters fall within equations, i.e., the imposition of zero intercepts, homogeneity, and zero price substitution, the correcting factors to the likelihood ratio test,are known4 (see, e.g., Anderson [1, pp. 207-210]). There is thus no problem in testing these three types of constraint. Also for models where the number of parameters being estimated or restricted is small relative to the number of observations (in our case the tests between intermediate, additive and zero price substitution models), the correction is likely to be small and to have little effect on the test outcome. This only leaves symmetry as an awkward case. One possibility is to make a correction of the same order as is made in the within equation models; this proced,ure seems to give sensible results in practice. Nevertheless, it must be recognized that this problem does not as yet have a general solution.
Food
Looking at the table of likelihood values we see that in no case is the hypothesis of zero intercepts acceptable. This rejection seems due to the necessity for constant terms for two categories in particular. These are housing and drink and tobacco. The former contains a large element of imputed rent which one would not expect to be closely related to current income and prices and the latter, due to the considerable increases in indirect taxation since the turn of the century, is also somewhat of a special case. These results then should be taken as not so much contrary to the theory as indicative of its incompleteness.
Before passing on to the comparison of the principle models we must first establish that the substitution effects of price changes are indeed of importance. This can be done by comparing the likelihood values of models I and 8 from the table. Applying the correction to the likelihood ratio we find that the probability that such a decrease could be random given the truth of the null hypothesis to be less than one thousandth of one per cent. This would seem to establish a firm base. for the other experiments; compensated price effects are important in demand analysis and the way in which we allow for them is thus a matter of more than trivial importance.
If no constraints are placed upon the C matrix, the maximum likelihood parameter estimates are those given in Table I . The intercepts conform to the general pattern, i.e., groups 3 and 5 are significantly different from zero at the one per cent level; otherwise there is little difference between the estimates with and without intercepts. Given the general importance of the constants, the models which include them are probably the more reliable. Thus from Table I, taking the one per cent level as our criterion of significance, we see that all the marginal budget shares are significantly different from zero. However, this is only true of seven out of eightyone price responses, six of these lying along the diagonal. Note that all the own price values are negative in accordance with the theory; the full sign conditions are difficult to test on a non-symmetric matrix. These overall results are not out of line with expectations; the data have a great deal of income information but relatively little on prices. By calculating the R2 statistics5 we see that factors other than prices and incomes are important.
One might expect, from these somewhat attenuated price effects, that the imposition of homogeneity would follow without difficulty and this expectation would receive superficial support from the apparent similarity between Table I  and Table II The fact that this rejection was also suffered by Byron [6 and 7] as well as by Barten in his later experiments [4, though not 3], does not make it any the more palatable. Though it is of course possible to think of reasons why it might occur, none of these are really convincing. Homogeneity is a very weak condition. It is essentially a function of the budget constraint rather than the utility theory and it is difficult to imagine any demand theory which would not involve this assumption. Indeed to the extent that the idea of rationality has any place in demand analysis, it would seem to be contradicted by non-homogeneity. It is of course possible that changes in the distribution of income have systematically favored transport users rather than food consumers, but this too seems implausible. Now we may accept this rejection, implying our acceptance of the framework within which the experiment was carried out, or we may refuse to do so, claiming that the experiment was wrongly performed and that a correct experiment would have led to the opposite result. The first implies the acceptance of non-homogeneous behavior and would seem to require some hypothesis of "irrational" behavior; this is not an attractive alternative. We are thus left to excuse our failure but without further information it is difficult to do this in a convincing fashion. Obvious Drink and tobacco and travel and communication are over 0.8; the others cluster around 0.6, except for entertainment which is less than 0.5 possible causes are measurement errors or inappropriate aggregation of commodities or of consumers. In favor of the first of these, it might be argued that the high level of significance of the positive substitution elasticity of travel with respect to the price of food is itself anomalous and that it is this term which causes much of the difficulty over the restriction. If this coefficient is due to errors in the data (which are very likely in a series of this length), it is quite appropriate to enforce homogeneity; indeed, we should expect better estimates of the other parameters by doing so. Whether or not we are justified, this is what we shall do here. The formal rejection must go on record but it would seem that to continue with further tests having imposed homogeneity is more acceptable than turning away altogether.
The symmetric estimates are given in Table III . The likelihood tests give acceptance as compared with homogeneity but rejection as compared with the unrestricted model. Clearly this latter is due to the unacceptability of homogeneity; the additional restrictions of symmetry do not make the situation any worse. This is perhaps surprising; symmetry imposes twenty-eight constraints over and above the eight of homogeneity. Nevertheless, this fact would be quite consistent with our interpretation of the rejection of homogeneity and could perhaps be interpreted as justifying our enforcement of the constraint. Thus, if we accept the previous result as anomalous, this much more powerful test yields considerable evidence in favor of the acceptability of the utility theory. For symmetry, unlike homogeneity, derives from assumptions about the utility function rather than the budget constraint; evidence in this regard is thus more valuable for the testing of this theory. Indeed in order to test whether or not it is possible to imagine the data as having been generated within the theory, it is now only necessary to examine the further postulate, that of negativity.
To do this the eigenvalues of the estimated C matrices with and without intercepts were calculated; in both cases one of the eight non-zero values proved to be positive. Thus neither of the estimates satisfy the negative semi-definiteness of the theory. In order to test the significance of this shortcoming it would be best to estimate the symmetry model subject to the negativity constraint and compare the resulting likelihood values with those of model 3. Though this presents no difficulty in principle, the programming difficulties have so far prevented a satisfactory outcome to this test. A second-best solution is to calculate an asymptotic standard error6 for the offending eigenvalue. This is an expensive operation, and since both sets of symmetric estimates are very similar, it was carried out only for the model without intercepts. This gave a standard error of 0.2738 corresponding to the eigenvalue of 0.0246 and would suggest that the violation is not serious.
It may be noted at once that all the diagonal elements of both symmetric substitution matrices are negative; thus, if only one price alters, the consumers' response has the appropriate maximization characteristics. We may then go on 6 The calculation uses the matrix of derivatives of the eigenvalue i with respect to the elements of the matrix V = C -A. This derivative matrix is the adjoint of V scaled by its trace and is used to map the four-dimensional covariance tensor of C into the scalar variance of A. to investigate responses to all possible changes in two prices, three prices, and so on until the maximization conditions cease to hold. That they will do so we are assured in advance by the presence of the positive eigenvalue. It has been suggested by Professor John Wise of Southampton University that the maximization conditions are more likely to break down in the higher rather than the lower orders. The basic hypothesis is that consumers can respond correctly to simple price changes but tend to become confused, if they become confused at all, only when large numbers of prices change together. This hypothesis is completely consistent with the present evidence. When the diagonal determinants of each of the C matrices were calculated, it was found that up to the seventh order all had the appropriate sign; only at the eighth order are the signs incorrect7. Thus every price in the model must change simultaneously before non-maximizing behavior can be observed. With respect to all other stimuli, the behavior patterns are appropriate to the utility maximizing consumer.
Whether this result is in fact the outcome of Wise-type behavior or whether it is due to the insignificance of the deviation from negativity cannot be decided at present. However, taking all the evidence together it would seem that the utility maximizing consumer is, a paradigm which can take us a considerable way in the interpretation of the United Kingdom experience. Given this, attention shifts to the problem of whether or not it is possible to restrict behavior even further. Even with symmetry there are (-in + 1)(n -1) independent parameters, and for large n this is too many to be estimated in many empirical situations. We thus turn to the other models, each of which restricts behavior considerably more than does the theory alone. The parameter estimates for these models are given in Tables IV  and V , and we discuss the most important aspects of these below.
Looking at additivity first, the likelihood values make it clear that this is not an acceptable restriction. The additive Rotterdam model which is a subcase of the symmetric model is rejected at a very high confidence level, and the likelihoods for the direct addilog and linear expenditure systems suggest that they, too, suffer from the same inadequacies. Now while it may be true that a different aggregation of commodities might reverse this result, it seems unlikely given the strength of the rejection. Rather we must accept that there exist specific substitution effects even between fairly broad categories of goods. Note, too, that the choice of functional form seems less important than additivity itself; the likelihood values for all three systems are quite close together. However, if we compare these models with model 8, we see that to allow even the limited substitution effects of additivity is better than ignoring such terms altogether. This result, though a negative argument in favor of additivity, is still of practical importance. For it provides some justification of the use of this assumption where no other model can be used. It would indicate that, at least for the United Kingdom, the results of the Frisch method of calculating price elasticities or of the linear expenditure system would be of more practical use than those derived from a system which allowed only for the income effects of price changes.
As to the choice between the additive models tested here, the direct addilog system does best. The linear expenditure system yields very little for the extra ' The ninth order determinant is of course zero. parameters it absorbs; indeed, it has a likelihood function less than that of the direct addilog system which has fewer independent parameters. Each of these systems does better than the additive Rotterdam system. Evidently there is some return to allowing ? to vary over time though not enough to compensate for the nine degrees of freedom permitted to it in the linear expenditure system. The reason for the superiority of the addilog system presumably rests in the formulation of the income coefficients; this model allows each of the income elasticities to drift slowly downwards over time. This situation is clearly preferable to the constant tending towards unity of the other models. This result is not followed up here; yet there is clearly useful work to be done on the correct formulation of income elasticities and their dependence on the level of income.
We can also derive from these models evidence on ? and thus on Table IV deviate so violently from those which result from the normal estimation of the system.8 Here 0 follows the trade cycle quite closely from 1900 to 1938, decreasing from just below zero to -0.6; in the post-war period there is relative constancy around -0.4, the trade cycle relationship seemingly having disappeared. This variation is however unlikely to be significant and though we have some evidence for Ji increasing with income, this would not be strong enough to contradict earlier negative results, e.g., Theil and Brooks [19] . It is notable, however, that no values of 0 numerically greater than unity or even close to it have appeared in any of these models, though Frisch indicates values of co of -0.7 and -0.1 for the better off and rich. However, the assumption that utility is bounded above, that bliss is finite, implies that Ji should be bounded above by a number strictly less than -L. This seems to me more attractive than the alternative possibility and would provide a rationale for a much slower increase in the flexibility than originally imagined.
Having rejected additivity we turn finally to the intermediate system; this though much weaker in implication is still unacceptable. Equally, however, the additive model is an unacceptable restriction of the intermediate model; the latter thus lies truly between symmetry and additivity. Note from Table IV that ordering of the elements of the b and c vectors is quite different; other services and entertainment are much more price-sensitive than they are income-sensitive; the opposite is true of food and clothing and footwear. This extra freedom over the enforced equality of the vectors under additivity does give a considerable improvement. Thus though we may not take these restrictions as valid, the system offers us a way of using extra price information where it is available. For example, we often have information on income and own price elasticities only; this model allows us to construct a complete system of demand equations from that alone. This requires more knowledge than the Frisch method, but for the United Kingdom, at least, it will give more accurate results.
This concludes the comparison of the alternative models. Though our consistent use of the Rotterdam format has enabled us to make direct comparisons in a way not so far possible, it must not be thought that this provides the final word on these systems. The selection of an optimal model depends on the use to which it is to be put and on the circumstances surrounding its estimation. Furthermore, our results are valid only for the United Kingdom, and only to the extent that the error structures we have assumed are appropriate. It is, of course, possible that the selection of similar error structures for all the modelsdiscriminates unfairly against one or the other of them. These questions can only be settled by further work, not only with different stochastic assumptions but with data from different countries.
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